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Abstract
Dolgy et al. introduced the modiﬁed degenerate Bernoulli polynomials, which are
diﬀerent from Carlitz’s degenerate Bernoulli polynomials (see Dolgy et al. in Adv. Stud.
Contemp. Math. (Kyungshang) 26(1):1-9, 2016). In this paper, we study some explicit
identities and properties for the modiﬁed degenerate q-Bernoulli polynomials arising
from the p-adic invariant integral on Zp.
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1 Introduction
For a ﬁxed prime number p,Zp refers to the ring of p-adic integers,Qp to the ﬁeld of p-adic
rational numbers, and Cp to the completion of algebraic closure of Qp. The p-adic norm
| · |p is normalized as |p|p = p . Let q be in Cp with |q – |p < p–

p– and qx = exp(x logq) for
|x|p < . Then the q-analogue of x is deﬁned to be [x]q = –qx–q .














When x = , Bn = Bn() are called Bernoulli numbers.
Carlitz [, , ] deﬁned the degenerate Bernoulli polynomials as follows:
t
( + λt) λ – 






When x = , βn(|λ) = βn(λ) are called Carlitz’s degenerate Bernoulli numbers.








( + λt) λ – 
( + λt) xλ
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Using the derivation given in (.), we have
lim
λ→βn(x|λ) = Bn(x) (n≥ ). (.)
Let f (x) be a uniformly diﬀerentiable function on Zp. Then the p-adic invariant integral
on Zp (also called the Volkenborn integral on Zp) is deﬁned by
∫
Zp







see [, , , , ]
)
. (.)

















where fn(x) = f (x + n) (n ∈N); see [, , , , ].












The modiﬁed degenerate Bernoulli polynomials are recently revisited by Dolgy et al.,
























where λ ∈Cp with |λ|p < p–

p– .
When x = , we call βn,λ() = βn,λ the modiﬁed degenerate Bernoulli numbers.











f (x)qx (see []).
(.)
Lee and Kwon Advances in Diﬀerence Equations  (2017) 2017:29 Page 3 of 9










λ dμq(y) (see []). (.)

















l! (n≥ ), (.)
where S(l,n) are the Stirling numbers of the ﬁrst kind, and S(l,n) are the Stirling numbers
of the second kind.
The following diagram illustrates the variations of several types of q-Bernoulli polyno-
mials and numbers. The deﬁnitions of the q-Bernoulli polynomials and the degenerate
q-Bernoulli polynomials applied in the given diagram are provided by Carlitz [, , ] and
Kim [], respectively. In this paper, we investigate some of the explicit identities to char-










































A few studies have identiﬁed some of the properties of the degenerate q-Bernoulli poly-
nomials and numbers. This paper deﬁnes themodiﬁed q-Bernoulli polynomials and num-
bers arising from the p-adic invariant integral on Zp and introduces additional character-
istic properties of these polynomials and numbers, which are deﬁned from the generating
functions and p-adic invariant integral on Zp.
2 Themodiﬁed degenerate q-Bernoulli polynomials and numbers
In the following discussions, we assume that λ, t ∈ Cp with  < |λ| ≤  and |t|p < p–

p– .
Then, as |λt|p < p–

p– , | log( + λt)|p = |λt|p, and hence | λ log( + λt)|p = |t|p < p–

p– , it
makes sense to take the limit as λ → .
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By the deﬁnitions provided in (.), (.), and (.) we are able to derive the following
theorem.







Note that (x)n =
∑n
l= S(n, l)xl (n ≥ ), where S are the Stirling numbers of the ﬁrst
kind.























































Given the descriptions in (.) and (.), we have another theorem.
































































The third theorem is obtained by (.) and (.) as follows.


























































































































The following theorem is obtained from (.).























































q–(x+x+···+xr )( + λ)
[x+x+···+xr+x]q
λ
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When x = , B˜(r)n,q,λ() = B˜
(r)

























× [x + x + · · · + xr + x]nq
tn












q–(x+x+···+xr )[x + x + · · · + xr + x]nq













Therefore, we are able to derive the following theorem.













q–(x+x+···+xr )( + λ)
[x+x+···+xr+x]q
λ


















































Now, (.) yields the following theorem.
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q–(x+x+···+xr )( + λ)
[x+x+···+xr+x]q
λ

















































































× ( + λ) λ [
a+···+ar+x
















Finally, by comparing the coeﬃcients on both sides of (.) we get the following theo-
rem.













The authors declare that they have no competing interests.
Authors’ contributions
Both authors contributed equally to this work. Both authors read and approved the ﬁnal manuscript.
Author details
1Division of Mathematics and informational Statistics, Nanoscale Science and Technology Institute, Wonkwang University,
Iksan, 54538, Republic of Korea. 2Department of Mathematics Education and RINS, Gyeongsang National University, Jinju,
Gyeongsangnamdo, 52828, Republic of Korea.
Acknowledgements
The authors would like to express their sincere gratitude to the Editor, who gave us valuable comments to improve this
paper.
Received: 19 November 2016 Accepted: 14 January 2017
References
1. Dolgy, DV, Kim, T, Kwon, H-I, Seo, J-J: On the modiﬁed degenerate Bernoulli polynomials. Adv. Stud. Contemp. Math.
(Kyungshang) 26(1), 1-9 (2016)
2. Al-Salam, WA: q-Bernoulli numbers and polynomials. Math. Nachr. 17, 239-260 (1959)
Lee and Kwon Advances in Diﬀerence Equations  (2017) 2017:29 Page 9 of 9
3. Bayad, A, Kim, T: Identities for the Bernoulli, the Euler and the Genocchi numbers and polynomials. Adv. Stud.
Contemp. Math. (Kyungshang) 20(2), 247-253 (2010)
4. Carlitz, L: q-Bernoulli numbers and polynomials. Duke Math. J. 15, 987-1000 (1948)
5. Carlitz, L: q-Bernoulli and Eulerian numbers. Trans. Am. Math. Soc. 76, 332-350 (1954)
6. Carlitz, L: A degenerate Staudt-Clausen theorem. Arch. Math. (Basel) 7, 28-33 (1956)
7. Carlitz, L: Expansions of q-Bernoulli numbers. Duke Math. J. 25, 355-364 (1958)
8. Carlitz, L: Degenerate Stirling, Bernoulli and Eulerian numbers. Util. Math. 15, 51-88 (1979)
9. Ding, D, Yang, J: Some identities related to the Apostol-Euler and Apostol-Bernoulli polynomials. Adv. Stud. Contemp.
Math. (Kyungshang) 20(1), 7-21 (2010)
10. Gaboury, S, Tremblay, R, Fugere, B-J: Some explicit formulas for certain new classes of Bernoulli, Euler and Genocchi
polynomials. Proc. Jangjeon Math. Soc. 17(1), 115-123 (2014)
11. Kim, DS, Kim, T: Some identities of degenerate special polynomials. Open Math. 13, 380-389 (2015)
12. Kim, DS, Kim, T: Some identities of symmetry for Carlitz q-Bernoulli polynomials invariant under S4 . Ars Comb. 123,
283-289 (2015)
13. Kim, DS, Kim, T: Some identities of symmetry for q-Bernoulli polynomials under symmetric group of degree n. Ars
Comb. 126, 435-441 (2016)
14. Kim, DS, Kim, T, Mansour, T, Seo, J-J: Fully degenerate poly-Bernoulli polynomials with a q-parameter. Filomat 30(4),
1029-1035 (2016)
15. Kim, T: Some identities for the Bernoulli, the Euler and the Genocchi numbers and polynomials. Adv. Stud. Contemp.
Math. (Kyungshang) 20(1), 23-28 (2010)
16. Kim, T: On p-adic q-Bernoulli numbers. J. Korean Math. Soc. 37(1), 21-30 (2000)
17. Kim, T: q-Volkenborn integration. Russ. J. Math. Phys. 9(3), 288-299 (2002)
18. Kim, T: q-Bernoulli numbers and polynomials associated with Gaussian binomial coeﬃcients. Russ. J. Math. Phys.
15(1), 51-57 (2008)
19. Kim, T: Symmetric identities of degenerate Bernoulli polynomials. Proc. Jangjeon Math. Soc. 18(4), 593-599 (2015)
20. Kim, T: On degenerate q-Bernoulli polynomials. Bull. Korean Math. Soc. 53(4), 1149-1156 (2016)
21. Kim, T, Kim, DS, Kwon, HI: Some identities relating to degenerate Bernoulli polynomials. Filomat 30(4), 905-912 (2016)
22. Kim, T, Kim, Y-H, Lee, B: A note on Carlitz’s q-Bernoulli measure. J. Comput. Anal. Appl. 13(3), 590-595 (2011)
23. Kim, T, Dolgy, DV, Kim, DS: Symmetric identities for degenerate generalized Bernoulli polynomials. J. Nonlinear Sci.
Appl. 9, 677-683 (2016)
24. Sharma, A: q-Bernoulli and Euler numbers of higher order. Duke Math. J. 25, 343-353 (1958)
25. Zhang, Z, Yang, H: Some closed formulas for generalized Bernoulli-Euler numbers and polynomials. Proc. Jangjeon
Math. Soc. 11(2), 191-198 (2008)
